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Abstract Fluvial processes comprise water ﬂow, sediment transport and bed evolution, which
normally feature distinct time scales. The time scales of sediment transport and bed deformation
relative to the ﬂow essentially measure how fast sediment transport adapts to capacity region in line
with local ﬂow scenario and the bed deforms in comparison with the ﬂow, which literally dictates if
a capacity based and/or decoupled model is justiﬁed. This paper synthesizes the recently developed
multiscale theory for sediment-laden ﬂows over erodible bed, with bed load and suspended load
transport, respectively. It is unravelled that bed load transport can adapt to capacity suﬃciently
rapidly even under highly unsteady ﬂows and thus a capacity model is mostly applicable, whereas
a non-capacity model is critical for suspended sediment because of the lower rate of adaptation to
capacity. Physically coupled modelling is critical for ﬂuvial processes characterized by rapid bed
variation. Applications are outlined on very active bed load sediment transported by ﬂash ﬂoods
and landslide dam break ﬂoods. c© 2011 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1105201]
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I. INTRODUCTION
Sediment-laden ﬂows are often seen in surface wa-
ters, such as alluvial rivers and estuaries. Normally,
the ﬂow, sediment and the movable bottom boundary
interact with each other, which constitute a category
of physical problems of signiﬁcant interest in a wide
spectrum of areas such as environmental mechanics, hy-
draulic engineering, earth science and public safety due
to the relevance to ﬂood risk management.1–5 Generally,
the bottom boundary (the bed) of the ﬂow undergoes
deformation (aggradation or degradation) due to non-
equilibrium sediment transport, which in turn modiﬁes
the ﬂow. If the rate of bed deformation is signiﬁcantly
lower than the ﬂow changes, the feedback impacts of
bed deformation on the ﬂow are negligible, and decou-
pled models are applicable. Otherwise, decoupled mod-
els can totally collapse,6 and fully coupled models are
required in order to properly resolve the strong inter-
actions between the ﬂow, sediment and the bed, which
may occur under extreme conditions such as superﬂoods
due to dam break1,2 and hyperconcentrated ﬂoods in
sediment-rich rivers (the Yellow River in China7). Irre-
spective of this observation, however, there have been
no general criteria measuring how fast the bed deforms
in comparison with ﬂow changes. Concurrently, sedi-
ment transport is often assumed by geomorphologists
and engineers to adapt to local hydrodynamic condi-
tions instantly, and accordingly sediment transport rate
is set to be equal to capacity determined exclusively by
local ﬂow conditions. Yet, this assumption remains to
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be justiﬁed, because a deﬁnitive description of the time
required for sediment transport to adapt to local ﬂow
conditions is still missing. Succinctly, ﬂuvial processes
feature multiple time scales, pertaining to the ﬂow, sed-
iment transport and bed deformation respectively. It is
critical to achieve enhanced understanding of the rates
of the changes of ﬂow, sediment transport and bed de-
formation, if physically enhanced theory is to be de-
veloped for the phenomena and accordingly improved
credibility is to be sought in practical applications.
The recently developed multiscale theory for ﬂuvial
processes is herewith synthesized.8,9 Evaluation of the
time scales is presented, which sheds insight into the
diﬀerential adaptative rates of bed load and suspended
sediment transport to local ﬂow region and therefore
the conditional applicability of capacity, and decoupled
models for the phenomena. Selected applications of the
theory and physically based mathematical models are
presented relating to ﬂood risk management, including
ﬂash ﬂoods featuring active bed load sediment transport
in ephemeral rivers and landslide dam failure.
II. MATHEMATICAL FORMULATIONS FOR MULTIPLE
TIME SCALES
The governing equations of a shallow water hydro-
dynamic model for sediment-laden ﬂows over erodible
bed comprise the mass and momentum conservation
equations for the water-sediment mixture ﬂow, the mass
conservation equations for the sediment carried by the
ﬂow and the bed material. Consider one dimensional
(1D) ﬂow over a mobile bed of uniform sediment size d,
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the governing equations are as8,9
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where t is time, x is stream wise coordinate, h is ﬂow
depth, u is stream wise velocity, C is sediment concen-
tration, z is bed elevation, E is sediment entrainment
ﬂux, D is sediment deposition ﬂux, p is bed sediment
porosity, g is gravitational acceleration, Sf is friction
slope, Sb = −∂z/∂x is the bed slope, ρ, ρw, ρs are
densities of water-sediment mixture, water and sedi-
ment respectively, ρ0 is density of the saturated bed,
R = (ρs−ρw)/ρ, β accounts for the inter-phase velocity
diﬀerence. For suspended sediment carried in suspen-
sion by the ﬂow, β = 1; for bed load sediment that
usually rolls, slides and saltates over the bed, β < 1.
Equations (1)–(4) constitute the governing equa-
tions of 1D coupled, non-capacity models for sediment-
laden ﬂows over erodible bed. The model is coupled
because the feedback impacts of the variation of the
bottom boundary (i.e., bed deformation) on the ﬂow
are incorporated, as represented by the right-hand-side
(RHS) term in Eq. (1) and the third term on the RHS of
Eq. (2), which have been ignored without justiﬁcation
in decoupled models. A non-capacity model is physi-
cally justiﬁed, which fully appreciates the temporal and
spatial scales required for the adaptation of sediment
transport to capacity region. A capacity model assumes
a priori that sediment concentration (or transport rate)
is determined exclusively by local ﬂow scenario, whose
the governing equations comprise Eqs. (1) and (2) and
the merged version of Eqs. (3) and (4), omitting the
sediment entrainment and deposition ﬂuxes. Decou-
pled, capacity models could be approximately applica-
ble for ﬂuvial processes characterized by mild variation
of the bottom boundary and weak sediment transport as
in quasi-steady, weakly non-uniform ﬂows. Succinctly,
highly unsteady and non-uniform ﬂows are ubiquitous
in natural environments, which at least in principle do
not favour the establishment and maintenance of a ca-
pacity region of sediment transport and mild bed defor-
mation. The most telling cases are the ﬂuvial processes
under extreme conditions featuring rapid bed variation
by dam break ﬂoods and hyperconcentrated ﬂoods.1,2,7
To date, both capacity and noncapacity models have
been developed for ﬂuvial sediment transport, involving
apparent inconsistency.10 Multiple time scales of ﬂuvial
processes are deﬁned and evaluated to delimit the ap-
plicability regions.
Physically, the time scale measures how fast a phys-
ical quantity of ﬂuvial processes changes with time. The
greater the time scale is, the slower the physical quan-
tity varies in time; and vice versa. Consider a gen-
eral ordinary diﬀerential equation (ODE) or simply an
order-of-magnitude estimation, for a physical quantity
σ
dσ
dt
= Θ or
dσ
dt
∼ Θ. (5)
The time scale of σ is deﬁned as Tσ = abs (σ/Θ).
The analyses of time scales for sediment-laden ﬂows
over erodible bed are underpinned by the characteris-
tic theory for the hyperbolic Eqs. (1)–(4) and also from
a physical perspective that disturbances in ﬂuvial pro-
cesses propagate along the characteristics. Applying to
the characteristic theory, we can recast Eqs. (1)–(4) into
four ODEs (compatibility equations) along four charac-
teristics. The characteristics are ﬂow related λ1 and λ2,
sediment related λ3 and bed related λ4, satisfactorily
approximated by λ1,2 = u ±
√
gh, λ3 = βu, and λ4 =0
respectively. For suspended sediment with β = 1, these
are satisﬁed exactly. All the time scales are deﬁned
along with the λ1,2- characteristics for consistency. The
following ODE and estimations can be attained by
du
dt
+
ϕ1,21
ϕ1,22
dh
dt
∣∣∣∣∣
λ1,2
= R2 +
ϕ1,21
ϕ1,22
R1 −
a23(R3 −Rc)
(βu− λ1,2) + gSb = R0, (6)
dC
dt
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λ1,2
∼ a32u(a31R1/C + βR2)
(u− λ3)(a22 − λ3)− ha21 +
R3 + (λ1,2 − λ3)∂C
∂x
= Rc, (7)
where R1 = (E−D)/(1−p), R2 = s− gSf −ρ0uR1/ρh,
R3 = (1 − p − C)R1/h − sR/u, s = u2RC(∂β/∂x),
ϕ1,21 = a31a23−a21(λ3−λ1,2), ϕ1,22 = ∓
√
gh(λ3−λ1,2),
a31 = a32u/h, a32 = (β − 1)C, a21 = g − uRa31, a22 =
u− uRa32, a23 = ghR/2−Ru2(β − 1).
In general, the two terms on the left-hand-side
(LHS) of Eq. (6) are of the same order of magni-
tude as R0. Otherwise, say, dh/dt (or du/dt) is of a
lower order-of-magnitude and thus can be neglected,
one would yield two, usually distinct values of velocity
(or ﬂow depth) from the two compatibility equations
along the λ1,2-characteristics, which are physically un-
realistic. Thus, the time scale Th of the ﬂow depth can
be deﬁned according to Eq. (6). It is justiﬁed to de-
ﬁne the time scale Tb of bed variation based on Eq. (4)
because it is valid along any characteristics. Since it
is the rate of bed deformation relative to the change
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rate of the ﬂow depth that is directly critical for quan-
tifying the eﬀects of bed deformation on the ﬂow, the
relative time scale of bed deformation is deﬁned along
the λ1,2-characteristics as
Tb/Th =
∣∣∣(1/R4)/(ϕ1,21 /R0ϕ1,22 )
∣∣∣
=
∣∣∣R0ϕ1,22 /(ϕ1,21 R4)
∣∣∣ . (8)
The time scale Te for sediment transport adaptation to
capacity is deﬁned as Te = |(C − ce)/Rc| according to
Eq. (8), where ce = sediment transport capacity. It is
necessary to deﬁne a time scale to represent the change
of the transport capacity itself. For this purpose, a de-
duced quantity ψ is introduced, i.e., ψ = u3/(ghw) for
suspended sediment,4 and ψ = ce for bed load.
3 It is
easy to obtain an ODE along the λ1,2-characteristics:
dψ/dt = Rψ. Accordingly, the time scale T0 of ψ along
the λ1,2-characteristics can be deﬁned as T0 = |ψ/Rψ|.
Therefore, the relative time scale Te/T0, which quanti-
ﬁes the relative adaptation rate of sediment transport
to capacity region, reads
Te/T0 = |(C − ce)Rψ/(ψRc)| . (9)
III. RELATIVE TIME SCALES UNDER STATIC FLOWS
The relative time scales are evaluated in relation to
suspended and bed load sediment-laden ﬂows, respec-
tively. The relevant parameters are: ρs = 2 650 kg/m
3,
ρw = 1 000 kg/m
3, p = 0.4, h∂C/∂x = −10−5, for sus-
pended sediment: Sb = 2 × 10−4, d = 0.1 mm, rough-
ness n = 0.03, h = 10 m and ce by the Zhang and
Xie formula, and for bed load: Sb = 10
−3, d = 3 mm,
n = 0.025, h = 2 m, and ce by the MPM (Meyer-Peter
and Muller) formula.
Figure 1 shows the relative time scale Te/T0 related
to λ1 in a u∗ − C plane for suspended and bed load
transport, respectively, where u∗ = bed shear stress
(that related to λ2 is similar and not shown). Also
included in Fig. 1 is the sediment transport capacity
(red dashed line). The value of Te/T0 measures the rel-
ative adaptative rate of sediment transport to capacity
region determined entirely by the local ﬂow conditions.
Presumably, Te/T0 < 1.0 means that the adaptation of
sediment transport to capacity region is faster than the
change of the ﬂow (and thus the change of the capac-
ity region itself), and vice versa. The smaller its value
is, the higher the relative adaptation rate is, and there-
fore the more the concept of transport capacity and
thus a capacity model would be applicable. In contrast,
when its value is not suﬃciently small, the adaptation of
sediment transport to local ﬂow would require a com-
paratively long time, thus non-capacity models would
have to be incorporated. From Fig. 1(a), Te/T0 < 1
appears in a constrained region around the transport
capacity for suspended sediment transport, whereas a
very wide domain featuring Te/T0 < 1 is observed for
bed load transport, as shown in Fig. 1(b). This indi-
cates that the concept of sediment transport capacity
and thus capacity models are mostly justiﬁed for bed
load transport, and in contrast, a non-capacity model
is warranted for suspended sediment transport. Physi-
cally, it is the diﬀerential contribution of mass exchange
with the bed relative to that of the advection by the
mean ﬂow, as characterized by the mass conservation
Eq. (3) which dictates the distinct rates of adaptation
to capacity, pertaining to bed load and suspended load,
respectively.
Figure 2 shows the relative time scale Tb/Th of bed
deformation related to λ1 in a u∗ − C plane (that re-
lated to λ2 is similar and not shown). The value of
Tb/Th measures the relative rate of bed variation in
comparison with the ﬂow depth change. Also included
in Fig. 2 is the sediment transport capacity (red dashed
line). The larger the value of Tb/Th is the slower the
bed evolves in relation to the ﬂow and the less the bed
deformation aﬀects the ﬂow and thus decoupled models
tend to be applicable, otherwise a coupled model is crit-
ical. The variation of Tb/Th for ﬂuvial processes dom-
inated with suspended sediment transport (Fig. 2(a))
exhibits a complicated pattern, and thus a set of critical
values (1 000, 100, 10) has been tentatively used to de-
limit the conditional applicability of decoupled models
for suspended sediment transport.9 Likewise, the con-
tour of Tb/Th for bed load-dominated processes seems
to indicate that a coupled model is required because
Tb/Th < 100 is mostly existent in Fig. 2(b). How-
ever, this implication may be misleading because bed
load transport may adapt to capacity region instantly
(Fig. 1(b)). This means that the status of bed load
transport will be mostly under the near-capacity region
featuring relatively large values of Tb/Th, say > 100.
It follows that a decoupled model is applicable for bed
load transport. Accordingly, the evaluation of the rel-
ative time scale of bed deformation needs to be fur-
ther substantiated under dynamic ﬂow conditions in
applications.8
IV. APPLICATIONS
The analyses of the multiple time scales of ﬂu-
vial processes are complemented with computational
studies, including hyperconcentrated ﬂoods, ﬂash ﬂoods
with active bed load transport and ﬂoods due to land-
slide dam failure.
As a corollary of the analyses of the relative time
scales (Fig. 1(a)), it has been demonstrated that the
concept of capacity is not applicable for suspended sed-
iment and a non-capacity model is critical.9,10 A propo-
sition of double (or triple) value of suspended sediment
capacity has been claimed.11,12 Although a double value
of suspended sediment transport capacity could in a
way be derived from theoretical reasoning as a result
of hindered sediment settling, this proposition is based
on ﬁeld hydrological observations with substantial bed
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Fig. 1. Contour of relative time scale Te/T0 for (a) suspended sediment and (b) bed load. The dashed red line indicates
sediment transport capacity.
Fig. 2. Contour of relative time scale Tb/Th of bed deformation, for processes dominated with (a) suspended sediment and
(b) bed load. The dashed red line indicates sediment transport capacity.
degradation or aggradation, and thus not justiﬁable
at all. The measured double (or triple) value of sus-
pended sediment concentration pertaining to a particu-
lar ﬂow region at speciﬁc cross-sections cannot be sim-
ply taken as transport capacity, which instead might be
just episodes of the typical loop structure between sus-
pended sediment transport and local ﬂow scenario, as
normally seen in unsteady ﬂows.
There have been observations of very high rates of
bed load transport by ﬂash ﬂoods.4,13 However, there
has been no quantitative model resolving the obser-
vation, nor a theory capable of explaining why bed
load transport rates by unsteady ﬂoods can be reason-
ably described by capacity formulae initially derived
for steady ﬂows. With the present multiscale theory
(Fig. 1(b)) and coupled non-capacity model, both is-
sues are resolved. Figure 3 shows the transport rates
(t) and Tb/Th of bed load in response to ﬂash ﬂoods.
The transport rates are obtained respectively from the
non-capacity model,8,14 observations4,13 and MPM for-
mula. The agreement between the model and MPM
formula corroborates the multiscale analyses that bed
load transport adapts to capacity rapidly under the un-
steady ﬂash ﬂoods, thus the concept of bed load trans-
port capacity and capacity models are applicable. This
is further conﬁrmed by the comparative study of non-
capacity and capacity models.10 The rapid adaptation
of bed load to capacity further conﬁrms the specula-
tion that Tb/Th > 100 prevails as bed load dominates
(Fig. 3(b)). This appears to characterize the approxi-
mate applicability of decoupled models for ﬂuvial pro-
cesses dominated with bed load transport.
The major earthquake in Wenchuan, China at 12
May 2008 triggered a number of large-scale landslide
dams, which blocked the rivers and posed high risk
of ﬂooding downstream.15 Simpliﬁed models were de-
ployed in emergency to evaluate the ﬂood ﬂows16 to sup-
port ﬂooding risk management. The Tangjiashan land-
slide dam is among the largest, and is numerically revis-
ited using a 2D extension of the present coupled, non-
capacity model that incorporates the eﬀect of multi-
sized sediments.17 The observed discharge (Fig. 4(a))
and water stage (Fig. 4(b)) hydrographs are reproduced
rather well. The empirical model parameters involved
in quantifying the boundary resistance, bed sediment
entrainment and mass collapse could modify the results
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Fig. 3. Bed load sediment transport rates (a) and relative time scale Tb/Th (b) in relation to ﬂash ﬂoods.
to some extent, but the major ﬁndings hold, as the mul-
tiple sediment sizes are properly taken into account.
V. PERSPECTIVES
The multiscale theory and coupled non-capacity
model for ﬂuvial processes are formulated for single-
sized sediment, despite the case study of the Tangji-
ashan landslide dam failure,17 which has partly incor-
porated multi-sized eﬀects. Extension of the multiscale
theory and coupled non-capacity model is certainly war-
ranted to the widely occurring ﬂuvial proceesses with
graded sediment transport. In general, the understand-
ing of the interaction between turbulent ﬂow and graded
sediment transport has so far remained far from com-
plete, though studies have led to some progresses on
threshold movement and transport rates of graded sed-
iments as well as river bed coarsening and ﬁning in re-
sponse to altered water and sediment inputs.3,18–21 In-
sights into sediment transport at river beds may come
from granular physics,5 but this idea remains to be ex-
plored. Quantitative models for graded sediment trans-
port to date have almost exclusively hinged upon the
concept of active (or mixing) layer, which is question-
able in many aspects.22 Unfortunately, the probabilis-
tic formulation22 along with its extended version for
bedform-dominated rivers is numerically poor because
of the rather small time steps necessary for stability and
is physically unrealistic to use due to its tight demand
for data of bed substrate.23,24 Our latest work has de-
veloped a surface-based formulation for bed grain size
stratigraphic evolution, which, as incorporated into a
1D coupled non-capacity model, facilitates a physically
enhanced approach to resolving the bed stratigraphy.
As shown in Fig. 5, downstream ﬁning by bed aggra-
dation (Run 1) is well resolved, in line with the ﬂume
experiments conducted at the St. Anthony Falls Labo-
ratory, University of Minnesota.21 This is encouraging,
and its application to the resolution of 2D bed stratig-
raphy is underway.
The framework of shallow water hydrodynamics is
in general viable for ﬂuvial processes, which features a
sensible balance between theoretical rigour and applica-
bility. Yet under certain circumstances, it is necessary
to resolve the vertical ﬂow proﬁles and sediment trans-
port, and a full 3D model is warranted. In this connec-
tion, the interaction between turbulence and sediment
particles becomes apparent. At high sediment concen-
trations as in debris ﬂows, the water-sediment mixture
may behave as a non-Newtonian ﬂuid, which bears sig-
niﬁcant impacts on the ﬂow and sediment transport
as revealed by hydrological observations.7 At moderate
sediment concentrations, sediment particles may consid-
erably modify the turbulence. Turbulence is attenuated
or enhanced by sediment particles, depending on par-
ticle sizes relative to turbulence scales. Incorporating
this mechanism, we ﬁnd that a modiﬁed turbulence clo-
sure model is applicable to the modelling of the mean
velocity proﬁle of normal sediment-laden ﬂows in open
channels.18 Nevertheless, full 3D models incorporating
this mechanism are scarce in studies of ﬂuvial processes.
Fundamentally, the mechanism of bed sediment en-
trainment by turbulent ﬂow has so far remained poorly
understandable. Whilst it has been proposed that sed-
iment entrainment is closely related to turbulent burst-
ing (ejections and sweeps) since nearly half a century
ago,25 its quantiﬁcation based on this understanding is
still premature, even for single-sized uniform sediment.
Inevitably, it is extremely hard to accurately quantify
fractional entrainment of graded sediments, which con-
stitutes one of the basic impediments to the forecast of
natural ﬂuvial processes, in both shallow water hydro-
dynamic and full 3D modelling frameworks. The need
is critical for systematic studies of the mechanism and
quantiﬁcation of graded sediment entrainment by tur-
bulent ﬂows.
VI. CONCLUSIONS
A multiscale theory for ﬂuvial processes facilitates
unravelling two fundamental issues in the context of
open-channel hydrodynamics, i.e., the (in)applicability
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Fig. 4. Flood due to Tangjiashan landslide dam failure: (a) discharge and (b) water stage.
Fig. 5. Bed grain size stratigraphy computed using surface-based formulation in line with ﬂume experiment.21
of suspended (bed) load sediment transport capacity
and conditional applicability of decoupled models. Bed
load transport can adapt to capacity suﬃciently rapidly
and thus capacity models are applicable, whereas non-
capacity models are critical for suspended sediment
transport. Coupled modelling is essential for reﬁned
modelling of processes featuring rapid bed deformation.
Particular interest, it is an extension of the multiscale
theory and coupled modelling to ﬂuvial ﬂows carry-
ing graded sediments. Enhanced understanding of the
interactions between turbulent ﬂow, graded sediments
and erodible bed is critical. It should facilitate physi-
cally improved credibility of models for applications in
ﬁelds such as public safety, water resources management
and environmental sustainability.
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